Closed formulas for the number of small paths, independent sets and matchings in fullerenes  by Behmaram, A. et al.
Applied Mathematics Letters 25 (2012) 1721–1724
Contents lists available at SciVerse ScienceDirect
Applied Mathematics Letters
journal homepage: www.elsevier.com/locate/aml
Closed formulas for the number of small paths, independent sets and
matchings in fullerenes
A. Behmaram, H. Yousefi-Azari ∗, A.R. Ashrafi
School of Mathematics, Statistics and Computer Sciences, University of Tehran, Tehran, Islamic Republic of Iran
Department of Mathematics, Statistics and Computer Science, Faculty of Science, University of Kashan, Kashan 87317-51167, Islamic Republic of Iran
a r t i c l e i n f o
Article history:
Received 30 December 2010
Received in revised form 1 January 2012
Accepted 30 January 2012
Keywords:
Fullerene
Matching
Independent set
a b s t r a c t
Fullerene graphs are 3-regular planar graphswhose faces are pentagons or hexagons. In this
paper, we first compute the number of paths of low order in a fullerene. Then apply these
numbers to obtain the number of independent sets of size k and k-matchings in fullerenes,
when k = 1, 2, 3, 4.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
The graphs considered here are finite, loopless and contains no multiple edges. Let G be such a graph and let n and m
be the number of its vertices and edges, respectively. Fullerenes are cage polyhedral carbon molecules such that all faces
are pentagons and hexagons. These graphs are designed to model large carbon molecules: each vertex represents a carbon
atom and the edges represent chemical bonds. The icosahedral C60 fullerene is known as the buckminsterfullerene.
Fullerenes are allotropes of carbon with a spherical nanostructure. This type of nano-materials was discovered for the
first time in 1985 [1]. These are carbon-cage molecules in which a large number of carbon (C) atoms are bonded in a nearly
spherically symmetric configuration. Let p, h, n and m be the number of pentagons, hexagons, carbon atoms and bonds
between them, in a given fullerene F . Since each atom lies in exactly 3 faces and each edge lies in 2 faces, the number of
atoms is n = (5p+6h)/3, the number of edges ism = (5p+6h)/2 = 3/2n and the number of faces is f = p+h. By the Euler’s
formula n−m+ f = 2, one can deduce that (5p+6h)/3− (5p+6h)/2+p+h = 2, and therefore p = 12, v = 2h+20 and
m = 3h+30. This implies that suchmoleculesmade up entirely of n carbon atoms and having 12 pentagonal and (n/2−10)
hexagonal faces, where n ≠ 22 is a natural number equal or greater than 20; see [1,2] for details.
Given a graph G = (V , E), a matching M in G is a set of pairwise non-adjacent edges, that is, no two edges share a
common vertex. A vertex is said to be matched or saturated, if it is incident to an edge in the matching. Otherwise, the
vertex is unmatched. A k-matching is a matching with k edges. LetM(G, k) be the number of k-matching in G. One can see
thatM(G, 1) is equal to the number of edges in G. A maximal matching is a matchingM of a graph Gwith the property that
if any edge not in M is added to M , it is no longer a matching, that is, M is maximal if it is not a proper subset of any other
matching in the graph G. A maximum matching is a matching that contains the largest possible number of edges. There
may be many maximum matchings. Note that every maximum matching is maximal, but not every maximal matching is a
maximummatching. A perfect matching or Kekule structure L is a maximal matching such that all vertices of the graph are
covered by L. We encourage the interested readers to consult papers [3–15] for some useful algorithms for the calculation of
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Kekule structures in hexagonal systems. Here, a hexagonal system is a finite connected plane graph in which every interior
face is a regular hexagon of side length 1. For computing Kekule structures of fullerene graphs and graphs arising from
nanoscience, we refer to [16].
The matching polynomial of a graph G is defined as
µ(x) =
[n/2]
i=0
(−1)iM(G, i)xn−2i,
where n is the number of vertices of G; see [17,18] for details. It is easy to see that the house graph and the complete
bipartite graph K2,3 have the same matching polynomial and so non-isomorphic graphs do not necessarily have distinct
matching polynomials.
Throughout this paper, our notation is standard and taken mainly from [19] and other standard books on graph theory.
The path and cycle with n vertices are called n-path and n-cycle, respectively. Suppose G is a graph. An independent set for
G is a subset of V (G), no two of which are adjacent. The size of an independent set is the number of vertices it contains;
see [7,20,11,21] for details. The set of all independent sets of G is denoted by Indk(G). Notice that a matching is an edge
independent set. In graph theory it is usual to use the term matching as independent edge set and independent set as
independent vertex set.
2. Main results
For a graph G, Pk(G) and Mk(G) denote the number of k-paths and k-matchings of G, respectively. In this section, exact
formulas for the number of k-path, k ≤ 8, k-independent set and k-matchings, k = 2, 3, 4 in a fullerene graph are presented.
Theorem 1. If F is a fullerene graph with m edges then
(i) Pk(F) = 2k−2m, k = 2, 3, 4, 5;
(ii) P6(F) = 16m− 60;
(iii) P7(F) = 30m− 60;
(iv) P8(F) = 60m.
Proof. We first notice that every edge is a path with two vertices and so P2(F) = m. Since, a fullerene is a cubic graph, the
number of 3-paths is 3n = 2m. To count the number of paths with four vertices, choose an edge e = uv of F . To construct a
4-path in F , we have to choose two edges of F , each of them incident to exactly one endpoint of e. So, P4(F) = m×2×2 = 4m.
Consider a vertex u of F . For constructing a 5-paths with u as the midpoint, we have eight choices and so P5(F) = 8m,
proving the part (i).
(ii) To calculate P6(F), we first choose one edge e = uv and construct a 6-path with e as its center. We have four choices
for 3-paths start at u and the same choices for 3-paths start at v. But there are 5× 12 = 60 cases that we have a pentagon.
Thus P6(F) = 4× 4× |E(F)| − 12× 5 = 16m− 60.
(iii) To calculate P7(F), we choose a vertex v. Then paste two 4-paths to v. There are 48 ways to choose these two paths.
Two edges incident to v have 3 ways and another edge has exactly 2 ways to choose. By subtracting the cases that six edges
give a hexagon or a subgraph constructed from a pentagon P with a pendant, we have P7(F) = 48p−6h−300 = 90h−660.
(iv) In this case, we apply a method as in (ii). To do this, we choose an edge e = uv and count the number of 4-paths that
start at u and in v. Then we must omit the cases where we find one of the following subgraphs.
• A subgraph H1 isomorphic to a hexagon T with a vertex adjacent to one vertex of T .
• A subgraph H2 constructed from a pentagon P and a 3-path L, where one vertex of L is identified with an vertex of P .
Then we have 64m− 12h− 120 = 60mways to choice. 
We now apply the previous theorem to count the number of k-matchings and k-independent sets in a fullerene graph.
Corollary 1. Suppose F is a fullerene graph. Then,
i. M(F , 2) =

3h+30
2

− 6h− 60 = 92h2 + 1652 h+ 375,
ii. M(F , 3) =

3h+30
3

− 18(h2 + 18h+ 80) = 92h3 + 2252 h2 + 937h+ 2620,
iii.
M(F , 4) =

3h+ 30
4

− 60h2 − 273h− 3270− 6M(F , 2)(h− 8)
= 27
8
h4 + 405
4
h3 + 11901
8
h2 + 51975
4
h+ 42135,
where h is the number of hexagons in F .
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Fig. 1. The possible 4-subsets of edges which are not 4-matching.
Proof. (i) Since for every vertex e, f ∈ E(G), either e and f have a common vertex or they constitute a matching,
M(F , 2)+ P3(F) =

3h+30
2

. So, by Theorem 1(i), P3(F) = 2m = 6h+ 60, as desired.
(ii) To prove, we use a similar argument as those are given in [14, Theorem 3.1]. We will use the formula M(F , 3) =m
3
 − (m − 2)P3(F) + P4(F) + 2n. This is obtained from the number of all 3-subsets by subtracting the number of those
3-subsets that do not represent 3-matchings.We add an edge to each 2-path that is outside of this path and notice that these
are the only subsets which do not represent 3-matchings. This yields the second term. However, every 3-path ijkl has been
counted twice and so we have to add the third term. Finally, any subset {ij, ik, il}, where i is a vertex of degree 3, has been
counted thrice and so we must add the last term. We now apply Theorem 1(i) to conclude this case.
(iii) To calculate P(F , 4), we compute the number of 4-subsets of edges in F by subtracting the number of those 4-subsets
that do not represent 4-matchings. The possible subgraphs which do not represent 4-matchings are shown in Fig. 1.
Let N(A),N(B),N(C),N(E),N(F) and N(G) be the number of subgraphs isomorphic to those depicted in Fig. 1. Then we
have the following.
• N(A): this a 5-path that are counted in Theorem 1(i). By this theorem N(A) = 24h+ 240.
• N(B): choose a vertex v and an edge ewithout common neighbor. Then we have N(B) = n(m− 9) = 6(h+ 10)(h+ 7).
• N(C): for computing N(C), we choose a path of length 3 and an edge disjoint from the 4-path. Then N(C) = 12(h +
10)(m− 9) = 36(h+ 10)(h− 7).
• N(E): to compute N(E), we have to choose two vertices a and bwithout common neighbors and then four edges f1, f2, f3
and f4 such that a is the common vertex of f1, f2 and b is the common vertex of f3, f4. Then we have
N(E) = 9n(n− 3)/2 = 9(h+ 10)(2h− 17).
• N(F): we have to count the number of disjoint 2-matching and a 3-path in F . It is easy to see that N(F) = 3M(F , 2)(n−
4) = 6M(F , 2)(h− 8).
• N(G): in this case, we count the number of subgraphs of F constructed from a 4-path T and a vertex u adjacent to a vertex
of degree 2 in T . By Theorem 1, the number of 4-path is P4(F) and there are two choices for the vertex u. This implies that
N(G) = 2P4(F).
Therefore,M(F , 4) =

3h+30
4

− 60h2 − 273h− 3270− 6M(F , 2)(h− 8), which completes the proof. 
Corollary 2. Suppose F is a fullerene graph.
i. Ind2(F) =

2h+20
2

− 3h− 30 = 2h2 + 36h+ 160,
ii. Ind3(F) =

2h+20
3

− 6(h+ 10)2 + 12h+ 120 = 43h3 + 32h2 + 7583 h+ 660,
iii.
Ind4(F) =

2h+ 20
4

− (3h+ 30)

2h+ 18
2

+

3h+ 30
2

+ 12h2 + 22h+ 1160
= 2
3
h4 + 74
3
h3 + 1075
3
h2 − 2675
3
h− 24610
where h is the number of hexagons in F .
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Proof. Clearly, Ind2(F)+ P2(F) =
 n
2

. This proves (i). For other parts our proof is similar to those are given in [7]. We have
the following.
(ii) This is obtained from the number of all triples of vertices by subtracting the number of those triples that do not
represent 3-independent sets. There are two different types of vertices, type 1 and type 2, that are not independent. The type
1 subgraphs are those constructed from an edge f and a vertex non-incident to f , and the type 2 are subgraphs isomorphic
to a 3-path. Clearly, the number of subgraphs of type 1 ism(n−2) and the number of type 2 is P3(F). However, every 3-path
ijkl has been counted twice. Therefore, Ind3(F) =

2h+20
3

− 6(h+ 10)2 + 12h+ 120.
(iii) Since g(F) = 5, there are exactly five different types of sets of four vertices that are not independent. To count the
number of 4-independent sets, we have to count the number of all 4-subsets of vertices and then subtract the number of
those 4-subsets that do not represent a 4-independent set. The later 4-subsets are isomorphic to a subgraph constructed
from an edge and two components, each of them is a vertex, a 2-matching, a 3-pathwith a vertex outside the path or a 4-path
and a 3-star. Notice that the 4-paths and 3-stars are counted twice. By substituting the number of mentioned subgraphs the
result is proved. 
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